Abstract. We show that real rational (over C) surfaces are quasi-simple, i.e., that such a surface is determined up to deformation in the class of real surfaces by the topological type of its real structure.
Introduction
The list of all minimal models of complex rational surfaces is exhausted by the projective plane P 2 and the geometrically ruled surfaces Σ a → P 1 , a ∈ Z + . As is well known, this implies that diffeomorphic rational surfaces (or, equivalently, rational surfaces with isomorphic cohomology rings) are deformation equivalent. In the present paper we treat the corresponding deformation problem for surfaces defined over R and rational over C (which we call real rational surfaces, see the definition in Section 2). We show that two real rational surfaces are deformation equivalent over R (i.e., in the class of real surfaces) if and only if their real structures are diffeomorphic. The prove is based on the classification of R-minimal real rational surfaces going back to A. Comessatti [Co1] .
Note that the same phenomenon, which we call quasi-simplicity of the class of surfaces, is observed for real Abelian surfaces (essentially due to A. Comessatti [Co2] ), for real hyperelliptic surfaces (F. Catanese and P. Frediani [CF] ), for real K3-surfaces (essentially due to V. Nikulin [N] ), and for real Enriques surfaces (A. Degtyarev and V. Kharlamov; the quasi-simplicity statement was announced in [DK1] , and the complete list of deformation classes of real Enriques surfaces was obtained in collaboration with I. Itenberg in [DIK] ). It is natural to expect that such a simple behaviour would no longer take place for more complicated surfaces, like those of general type. Note, however, that the so called Bogomolov-MiayokaYau surfaces, which are of general type, are also quasi-simple, see [KK] . It is also worth mentioning that the first non trivial quasi-simplicity result, concerning real cubic surfaces in P 3 , was discovered by F. Klein and L. Schläfli (see, for example, our survey [DK3] ). To our surprise, apart from this result, we could not find any trace of deformation classification of real rational surfaces in the literature. (The topology of the real part of a real rational surface is discussed in [S] .)
It is worth mentioning that in all cases above, including the case of rational surfaces, the deformation class is determined, in fact, by the topological type of the real structure. In particular, as a consequence, the topological type of the real structure determines it up to diffeomorphism.
Basic definitions.
From now on by a complex surface we mean a compact complex analytic variety of complex dimension 2. A real structure on a complex surface X is an anti-holomorphic involution X → X. A surface supplied with a real structure is called a real surface; the real structure is usually denoted by conj. The fixed point set Fix conj = X R is called the real part of X. Topologically, X R is a closed 2-manifolds. To describe its homeomorphism type, we will list its connected components in an expression of the form nS ⊔ n 1 S 1 ⊔ · · · ⊔ m 1 V 1 ⊔ . . . , where S = S 0 = S 2 stands for the 2-sphere, S p = # p (S 1 × S 1 ), for the orientable surface of genus g, and V q = # q P 2 R , for the nonorientable surface of genus q. Remark. Of course, if X is an algebraic surface defined over R, then conj is the Galois involution and X R is the set of R-rational closed points of X. However, although all surfaces treated in this paper are in fact algebraic, in general we prefer the more geometric complex analytic approach.
By a real rational surface we mean a real surface birationally equivalent to P 2 over C. Note that this terminology differs from the commonly accepted one: 'most' real rational surfaces in our sense are not in fact rational over R; Theorem 2.4.1 below gives a number of examples. The meaning of many common notions and constructions depends on whether they are considered over C or over R. (The rationality of a real surface is a good example.) The conj-equivariant category is usually designated with the word 'real'; for example, a real curve on a real surface is a conj-invariant analytic curve. However, sometimes this approach is unacceptable; in these cases we will use the prefix R. Thus, we will speak about R-minimal surfaces (instead of 'really minimal real surfaces'): a real surface X is called R-minimal if any conj-invariant degree 1 holomorphic map X → Y to another real surface Y is a biholomorphism. Clearly, X is R-minimal if and only if it is free of real (−1)-curves and of pairs of disjoint (−1)-curves transposed by conj.
The following is the key notion in the topological study of analytic varieties. The definition of deformation equivalence below applies to both complex and real categories; in the former case the prefix 'real' should be omitted.
2.1.1. Definition. A deformation of complex surfaces is a proper analytic submersion p : Z → D 2 , where Z is a 3-dimensional analytic variety and D 2 ⊂ C a disk. If Z is real and p is equivariant, the deformation is called real. Two (real) surfaces X ′ and X ′′ are called deformation equivalent if they can be connected by a chain X ′ = X 0 , . . . , X k = X ′′ so that X i and X i−1 are isomorphic to (real) fibers of a (real) deformation.
Unless stated otherwise, the deformation equivalence is understood in the same category as the surfaces considered, i.e., real for real surfaces and complex otherwise.
2.1.2. Definition. A real surface S is called quasi-simple if it is deformation equivalent to any other real surface S ′ such that (1) S ′ is deformation equivalent to S as a complex surface, and (2) the real structure of S ′ is diffeomorphic to that of S.
Now we are ready to state our main result.
Main theorem.
Real rational surfaces are quasi-simple.
In Section 6 below we reduce Theorem 2.2 to the following statement, which is also of an independent interest.
2.3. Minimal surfaces. Any two R-minimal real rational surfaces with diffeomorphic real structures are deformation equivalent in the class of R-minimal real rational surfaces.
Remark. In view of the modern advances in topology of 4-manifolds one should carefully distinguish between the smooth and topological categories, and the former seems to us more appropriate in definitions like 2.1.2. Note however, that in all known examples (see Introduction) the quasi-simplicity holds in a stronger sense: homeomorphic real structures (within a fixed complex deformation class) are deformation equivalent. The same remark applies to rational surfaces: everywhere in this paper one can replace the word 'diffeomorphic' with 'homeomorphic' (and even 'homotopy equivalent', as all the invariants can be expressed in terms of homology, see Theorem 6.4.1).
Remark. Alternatively, Theorem 2.2 can be strengthened in a different direction. Indeed, due to R. Friedman and Z. Qin [FQ] , a surface diffeomorphic to a rational one is rational. Thus, one can state that, given a real rational surface X, any real surface X ′ diffeomorphic to X (as a real surface) is deformation equivalent to X.
Remark. In 2.1.2 we define the quasi-simplicity as a property of a real surface or, equivalently, of a real deformation class. One could also define as a property of a complex deformation class (i.e., as the requirement that all the real surfaces that are C-deformation equivalent to a given one should be quasi-simple). In all examples known so far the quasi-simplicity does hold for whole complex deformation classes.
2.4. Plan of the proof. The proof of Theorem 2.3 is based on the following classification of R-minimal real rational surfaces, due to Comessatti [Co1] (see also [S] , the survey [MT] , and the lecture notes [Ko] ):
2.4.1. Theorem. Each R-minimal real rational surface X is one of the following:
(1) projective plane P 2 with its standard real structure: X R = V 1 ; (2) quadric P 1 × P 1 with one of its four nonequivalent real structures: X R = S 1 , X R = S, and two structures with X R = ∅ (see 2.5.1 below); (3) geometrically ruled surface Σ a , a 2 (see 2.5.2 below), with X R = V 2 and the standard real structure, if a is odd, and with X R = S 1 or ∅ and one of the two respective nonequivalent structures, if a is even; (4) relatively minimal real conic bundles over P 1 (see Section 3) with 2m 4 singular fibers: X R = mS; (5) unnodal Del Pezzo surfaces of degree d = 1 or 2:
and
Conversely, any rational surface from the above list is R-minimal.
Remark. An R-minimal unnodal Del Pezzo surface of degree 2 with X R = 3S can also be represented as a conic bundle over P 1 with six reducible fibers. Note that 2.4.1(5) does not list all real structures on (unnodal) Del Pezzo surfaces of degree 1 and 2; most of them are not R-minimal (see [DIK, §17.3 
]).
To prove Theorem 2.3, we first show that the statement holds for each family listed in 2.4.1 separately. The conic bundles 2.4.1(4) are treated in Section 3; the other classes have already been considered elsewhere, see references in Section 4. Then it remains to show that whenever the corresponding complex deformation classes overlap, the real surfaces are deformation equivalent; this is done in 4.2.
More notation.
Here we cite a few known results and introduce some notation used throughout the paper.
2.5.1. Recall that the quadric Y = P 1 × P 2 has two nonisomorphic real structures with Y R = ∅. They are both product structures: c 1 × c 1 and c 0 × c 1 , where c 0 is the ordinary complex conjugation on P 1 (with P 1 R = S 1 ) and c 1 is the quaternionic real structure (with empty real point set). The quotient manifold Y /(c 1 × c 1 ) is not Spin; the quotient Y /(c 0 × c 1 ) is Spin. The real structure c 1 × c 1 is inherited from P 3 (with its standard real structure); we will call it standard.
The two real structures with Y R = ∅ become equivalent after a single blow-up at a pair of conjugate points (see, e.g., [DIK, Lemma in 17.4 .1]).
2.5.2.
We denote by Σ a , a 0, the geometrically ruled rational surface (i.e., relatively minimal conic bundle over P 1 , see Section 3) that has a section of square (−a). (Unless a = 0, such a section is unique; it is called the exceptional section.) All these surfaces except Σ 1 are minimal. (Clearly, Σ 0 = P 1 × P 1 and Σ 1 is the plane P 2 blown up at one point.) Recall that, up to isomorphism, Σ a , a > 0, has one real structure if a is odd (and then the real part is V 2 ), and it has two real structures if a is even (the real part being either S 1 or ∅).
We will denote by |e 0 | and |e ∞ | the classes of the exceptional section and of generic section, respectively, so that e 2 0 = −a, e 2 ∞ = a, and e 0 · e ∞ = 0. (If a = 0, then e 0 = e ∞ .) The class of the fiber will be denoted by |l|; one has l 2 = 0 and l · e 0 = l · e ∞ = 1. As is well know, the semigroup of classes of effective divisors on Σ a is generated by |e 0 | and |l| and one has |e ∞ | = |e 0 + al|.
2.5.3. Given a topological space X, we denote by b i (X) = rk H i (X) and β i (X) = dim H i (X; Z 2 ) its Z-and Z 2 -Betti numbers, respectively. The corresponding total Betti numbers are denoted by b * (X) = i 0 b i (X) and β * (X) = i 0 β i (X). Recall the following Smith inequality: for any real variety X one has β * (X R ) β * (X) and β * (X R ) = β * (X) mod 2.
Thus, one has β * (X R ) = β * (X) − 2d for some nonnegative integer d; in this case X is called an
If X is a curve, the Smith inequality reduces to the so called Harnack inequality: the number of connected components of the real part of a nonsingular irreducible real curve X of genus g does not exceed g + 1. Thus, M -curves of genus g are those with (g + 1) components in the real part.
2.5.4.
A cyclic order on a finite set S is an embedding S → S 1 considered up to auto-homeomorphism of the circle S 1 . In other words, we consider cyclic orders up to reflections. Alternatively, a cyclic order can be defined as a symmetric binary relation 'to be neighbors' such that each element of S has exactly two neighbors.
Conic Bundles
Recall that a conic bundle is a regular map p : X → C, where X is a compact algebraic surface and C is a curve, such that a generic fiber of p is an irreducible rational curve. If both X and C are real and p is equivariant, the conic bundle is called real.
As is well known, over C any conic bundle blows down to the ruling of a geometrically ruled surface. Over R, a real conic bundle is relatively minimal if and only if all its singular fibers are real and each singular fiber consists of a pair of conjugate (−1)-curves. As it follows from 2.4.1, a real conic bundle is relatively minimal over R if and only if it is R-minimal.
3.1. Birational classification. An elementary transformation of a (complex) conic bundle X → C at a point P in a nondegenerate fiber F of X is the blow-up of P followed by the blow-down of F . If X → C is real, a real elementary transformation of X is either an elementary transformation at a real point of X or a pair of elementary transformations at two conjugate points P 1 , P 2 ∈ X that belong to two distinct conjugate fibers of X → C.
Next two statements are found in [S] and [MT] .
3.1.1. Theorem. Any (real) fiberwise birational map between two relatively minimal (real) conic bundles decomposes into a product of (real) elementary transformations.
3.1.2. Theorem. Any conic bundle X → P 1 is fiberwise birationally equivalent to a conic bundle Y → P 1 which is a branched double covering of a geometrically ruled surface. Furthermore, Y can be chosen so that in appropriate affine coordinates (x, y, z) it is given by the equation x 2 + y 2 = p(z), where p is a polynomial, and the projection Y → P 1 is the restriction to Y of the map (x, y, z) → z. If X → P 1 is real and X R = ∅, the above statement holds in the equivariant setting, i.e., the bundle Y → P 1 , the coordinates and the equation x 2 + y 2 = p(z), and the birational equivalence can be chosen real.
The following is straightforward: 3.1.3. Lemma. Let a real conic bundle Y be the double covering of a geometrically ruled surface Σ a branched over a nonsingular curve B. Assume that Y has 2m 4 singular fibers. Then one has |a| m and a = m mod 2 and the branch curve belongs to the linear system |2e ∞ + (m − a)l|. Furthermore, Y is R-minimal if and only if B is an M -curve.
3.2. Double ruled surfaces. Two R-minimal real rational conic bundles Y 1 , Y 2 which are double branched covering of geometrically ruled surfaces are deformation equivalent if and only if they have the same number of singular fibers.
Proof. We concentrate on the 'if' part of the statement; the 'only if' part is obvious.
If Y 1 and Y 2 cover the same geometrically ruled surface Σ a , then the statement follows from the classification of real curves in the linear system |2e ∞ + (m − a)l| (see, e.g., [DK3] or [DIK, A2.2.8]) : any two such M -curves are rigidly isotopic.
Thus, in view of 3.1.3, it remains to deform an M -curve in |2e ∞ + (m − a)l| on Σ a to an M -curve in |2e ∞ + (m − a − 2)l| on Σ a+2 , a m − 2. This can be done as follows (cf. [W] ). Consider a generic M -curve C ∈ |2e ∞ + (m − a − 1)l| on the surface Σ a+1 . Pick a real point P 0 of intersection of C and the exceptional section E 0 of Σ a+1 . (Such a point exists since m − a − 1 > 0 is odd.) The desired deformation is parametrized by the real points P t of the germ of C at P 0 . It consists of the surfaces obtained from Σ a+1 by the elementary transformations at P t (and the corresponding transforms of C). If t = 0, the resulting surface is Σ a+2 , otherwise it is Σ a .
3.3. The general case. Two R-minimal real rational conic bundles Y 1 , Y 2 are deformation equivalent if and only if they have the same number of singular fibers.
The statement is an immediate consequence of 3.2 and the following lemma.
3.3.1. Lemma. Any R-minimal real rational conic bundle is deformation equivalent to a conic bundle obtained by a double covering of a geometrically ruled surface.
Proof. In view of 3.1.2 and 3.1.1, any real rational conic bundle is obtained from a double covering by a sequence of real elementary transformations. Up to deformation (moving the blow-up centers), one can assume that the transformations are independent, and it suffices to prove that a real elementary transformation applied to a double covering results in a surface deformation equivalent to a double covering.
Two complex conjugate blow-up centers can be merged to a single double real center (recall that the real part of the surface is nonempty), and then taken apart to two real centers. Thus, all the blow-up centers can be assumed real. In view of 3.1.3, each component of the real part of the surface intersects the branch curve of the covering; moving the blow-up centers to the branch curve, one obtains a sequence of real elementary transformations respecting the deck translation of the covering. Hence, the resulting surface possesses an involution, i.e., it is a double covering.
Other Minimal Surfaces
In this section we complete the proof of 2.3. In fact, we prove the following slightly stronger statement. 4.1. Theorem. With two exceptions, the real part X R of an R-minimal real rational surface X determines X up to deformation in the class of R-minimal real rational surfaces. The exceptions are:
(1) the two real structures on X = P 1 × P 1 with X R = ∅, which differ by whether X/conj is Spin or not; (2) surfaces with X R = 4S, see 2.4.1(4) and (5), which differ by the topology of X (the conic bundles in 2.4.1(4) are (M − 2)-surfaces, whereas the Del Pezzo surfaces of degree 2 in 2.4.1(5) are (M − 1)-surfaces).
4.2. Proof of 4.1. First, note that each family listed in 2.4.1 consists of deformation equivalent surfaces. Indeed, the classification of real structures on P 2 and geometrically ruled surfaces (2.4.1(1)- (3)) is well known and reduces mainly to college linear algebra, the classification of R-minimal real rational conic bundles (2.4.1(4)) is given in 3.3, and the deformation classification of real Del Pezzo surfaces (2.4.1(5)) can be found, e.g., in [DIK, §17.3] . Note also that all surfaces listed in 2.4.1 are R-minimal; hence, their classification up to real deformation coincides with the classification up to deformation in the class of R-minimal real surfaces. Thus, to complete the proof it remains to show that, with the exception of the two cases mentioned in the statement, the distinct families of surfaces with homeomorphic real parts are, in fact, deformation equivalent. Below we consider these families case by case.
Cases 1, 2 : X = Σ a , X R = S 1 if a is even or X R = V 2 if a is odd. A real deformation Σ a → Σ a+2 can be constructed as in the proof of 3.2, with the branch curve ignored, i.e., both the surfaces occur in a family of real elementary transformations of the surface Σ a+1 (with nonempty real part).
Case 3 : X = Σ a with a even, X R = ∅. (We do not exclude the case when X is an empty quadric in P 3 with its standard real structure.) A deformation Σ a → Σ a+4 can be constructed as above, as a family of elementary transformations of Σ a+2 with complex conjugate blow-up centers. For a deformation Σ 0 → Σ 2 one can take the family of surfaces given in P 1 × P 1 × P 1 by the equations 
Canonical Minimal Models
In order to prove Theorem 2.2, we consider a real rational surface X and show that, up to deformation, X has a certain canonical minimal model whose topology and, hence, deformation type is determined by the topology of the real structure of X. Then, given two such surfaces X 1 , X 2 with diffeomorphic real structures, one can assume that they are both obtained by a sequence of blow-ups from the same R-minimal surface Y , and it would remain to show that the sets of blow-up centers in Y are also determined by the topology of X i up to equivariant isotopy in Y . This is done in Section 6.
Essential invariant classes.
Given a real rational surface (X, conj), denote by L + (X) the eigenlattice
supplied with the induced intersection form. 5.1.1. Lemma. The lattice L + (X) is negative definite and even. If another real rational surface X ′ is obtained from X by a sequence of r blow-ups at real points and q blow-ups at pairs of complex conjugate points, then
Proof. One has σ + H 2 (X) = 1. By the usual averaging arguments one can find a conj-invariant Kähler metric on X. The Poincaré dual γ ∈ H 2 (X; R) of the fundamental class of such a metric belongs to the (−1)-eigenspace Ker(1 + conj * ). Hence, the latter contains a vector with positive square, and its orthogonal complement L + (X) ⊗ R is negative definite. The fact that L + (X) is even is a well known common property of real surfaces. It follows, for example, from the fact that the Stiefel-Whitney class w 2 (X) (which coincides with the mod 2-reduction of the first Chern class c 1 (X) ) can be realized by an algebraic cycle which is defined over R and thus belongs to the (−1)-eigenlattice of conj * .
The other assertions of the lemma are straightforward.
As is well known, a definite integral lattice admits a unique (up to reordering) decomposition into irreducible orthogonal summands. Denote by E + (X) the essential part of L + (X) obtained by removing from L + (X) the summands isomorphic to −2 . Due to Lemma 5.1.1 this lattice is well defined and depends only on the topology of (X, conj). The following is also an immediate consequence of Lemma 5.1.1.
Corollary.
The lattice E + (X) is a birational invariant of a real rational surface X, i.e., any real birational transformation X 1 X 2 of real rational surfaces induces an isomorphism E + (X 1 ) = E + (X 2 ).
Canonical minimal models.
A real rational surface X is R-deformation equivalent to a surface obtained by a sequence of real blow-ups from an R-minimal real rational surface Y described below.
(1) If b 0 (X R ) = 0 and b * (X) > 4, then Y = P 1 × P 1 with the standard real structure with Y R = ∅ (see 2.5.1 and remark below).
, then Y is a conic bundle or a Del Pezzo surface of degree 2.
The two cases are distinguished by E + (X) = D 8 or E 7 , respectively. (6) If b 0 (X R ) = 5, then Y is a conic bundle or a Del Pezzo surface of degree 1.
The two cases are distinguished by E + (X) = D 10 or E 8 , respectively.
Thus, the deformation class of X admits a canonical R-minimal model whose deformation type is determined by the topology of (X, conj).
Remark. In fact, in 5.2(1) one can choose and fix any of the two real structures on Y with Y R = ∅, as they become equivalent after a single blow-up at a pair of conjugate points.
Remark. If b 0 (X R ) = 0 and b * (X) = 4 (cf. 5.2(1)), then X is R-minimal, see 2.4.1. Hence, in this case X is also deformation equivalent to Y = P 1 × P 1 , but the real structure on Y depends on X.
Proof. Since the number of connected components of the real part of a surface is obviously preserved by a blow-up, the possible minimal models of X can be found using Theorem 2.4.1. These models can further be deformed using Theorem 2.3. This completes the proof in all cases except (1) and (3). (In cases (5) and (6) the lattice E + (X) is found by a direct calculation. In view of Corollary 5.1.2 it suffices to calculate the lattice for the minimal models. In fact, for the two Del Pezzo surfaces in question one has E + = K ⊥ , where K is the canonical class, and the latter lattice is well known, see, e.g., [M] or [Dem] .)
In case (1) Theorems 2.4.1 and 2.3 yield Y = P 1 × P 1 with one of the two real structures with empty real part. The two structures become isomorphic after a blow-up at a pair of conjugate points (see, e.g., [DIK, Lemma in 17.3 .1]); hence, if X is not R-minimal, one can choose any structure.
In case (3) Theorems 2.4.1 and 2.3 yield either
The ruled surfaces Σ 2k+1 are deformation equivalent to Σ 1 (cf. 4.2, Cases 1, 2), which blows down to P 2 . If Y = P 1 ×P 1 , then the passage to X contains at least one blow-up at a real point (recall that X R is nonorientable); after such a blow-up the surface also blows down to P 2 .
Proof of the Main Theorem
6.1. Cyclic order of components. Let Y → P 1 be an R-minimal real rational conic bundle, Y R = mS. Then the projections of the connected components of Y R are disjoint segments in P 1 R = S
1 . This defines a canonical cyclic order on the set of components of Y R . From Proposition 6.1.1 below it follows, in particular, that this cyclic order does not depend on the conic bundle structure of Y .
6.1.1. Proposition. Let X be a real rational surface obtained by a sequence of real blow-ups from an R-minimal real rational conic bundle Y → P 1 . Then the cyclic order of the components of Y R is determined by the classes realized by the components of X R in H 2 (X/conj ; Z 2 ). In particular, the set of connected components of X R also has a natural cyclic order.
Proof. Recall that for any real surface X the projection X → X/conj induces an isomorphism L + (X)⊗Q = H 2 (X/conj ; Q). Hence, from Lemma 5.1.1 it follows that H 2 (Y /conj) is a negative definite lattice and an easy calculation for the minimal models shows that H 2 (Y /conj) = 2m −1 . (Alternatively, this statement can be derived from Donaldson's theorem [Do] or from the fact that Y /conj decomposes into connected sum of several copies of P 2 , see [Fi] .) Thus, H 2 (Y /conj) has a canonical (up to reordering and multiplication by (−1) ) basis e 1 , . . . , e 2m such that e 2 i = −1 and e i e j = 0 for i = j. This basis can easily be visualized. Let F 1 , . . . , F m be the components of Y R (numbered according to their cyclic order) and f i ∈ H 2 (Y /conj) their classes. Then one can take for e 2i+1 the class realized by the image in Y /conj of a vanishing cycle in Y corresponding to joining the components F i and F i+1 . (To unify the notation, we use the 'cyclic' numbering of the components and classes: F i+km = F i , e i+2km = e i , etc.) Let, further, g 1 , . . . , g 2m ∈ H 2 (Y /conj) be the classes realized by the images of the singular fibers of Y , numbered so that F i is adjacent to the fibers corresponding to g 2i and g 2i+1 . One has g 2 i = −2 and g i g j = 0 for i = j. It follows that these elements generate the lattice over Q, and calculating the intersection numbers, one obtains e 2i+1 = 1 2 (g 2i+2 − g 2i+1 ). Hence, the other m generators have the form e 2i+2 = 1 2 (g 2i+2 − g 2i+1 ) and, under appropriate choice of the signs, one has f i = e 2i+2 − e 2i+1 − e 2i − e 2i−1 .
Since H 2 (Y /conj) is torsion free (as Y R = ∅), the group H 2 (Y /conj ; Z 2 ) = H 2 (Y /conj) ⊗ Z 2 also has a canonical basisē i = e i mod 2, i = 1, . . . , 2m and, denoting byf i = f i mod 2 the class realized by F i , one hasf i =ē 2i+2 −ē 2i+1 − e 2i −ē 2i−1 . Hence, the cyclic order is determined as follows: two components F i , F j are neighbors if and only if there is a standard basis elementē such that ef i =ēf j = 1.
It remains to note that the above rule extends literally to any surface X obtained from Y by a sequence of blow-ups. Indeed, since H 2 (X/conj) = H 2 (Y /conj)⊕q −1 (the extra summands corresponding to the pairs of complex conjugate exceptional divisors), this lattice and hence the group H 2 (X/conj ; Z 2 ) = H 2 (X/conj) ⊗ Z 2 has a canonical basis, which can be used to determine the cyclic order.
6.1.2. Proposition. Any cyclic permutation and/or reversing of the order of the components of the real part of an R-minimal real rational conic bundle can be realized by a deformation and automorphism of the surface.
Proof. The statement can easily be proved by constructing explicit symmetric surfaces. A cyclic permutation sending each component to one of its neighbors can be realized in the family Y t of surfaces given by the affine equation
is the parameter of the deformation, and the real structure is given by (x, y, z) → (x,ȳ,z −1 ). The order of the components is reversed by the automorphism (x, y, z) → (x, y, z
Let now Y be a real degree 1 Del Pezzo surface with Y R = V 1 ⊔ 4S. Then Y can canonically be represented as the covering of a quadratic cone branched over the vertex and a real M -curve B ∈ |3e ∞ | (see, e.g., [Dem] ; since the map is defined by the anti-bicanonical system, it is necessarily real), the spherical components of Y R corresponding to the ovals of the branch curve. Hence, the ruling of the cone determines a canonical cyclic order on the set of the spherical components of Y R . Next two statements are proved similar to 6.1.1 and 6.1.2.
6.1.3. Proposition. Let X be a real rational surface obtained by a sequence of real blow-ups from a real degree 1 Del Pezzo surface Y with Y R = V 1 ⊔ 4S. Then the cyclic order of the spherical components of Y R and the V 1 -component of Y R are determined by the classes realized by the components of X R in H 2 (X; Z 2 ) and H 2 (X/conj ; Z 2 ). In particular, X R has a distinguished component that blows down to V 1 , and the set of the other components of X R has a natural cyclic order.
Remark. The rule for determining the cyclic order of the components is the same as in the case of conic bundles. The component of X R that blows down to V 1 can be distinguished as the 'essentially nonorientable' one: it is the only component whose class in
does not belong to the image of L + (X).
6.1.4. Proposition. Any cyclic permutation and/or reversing of the order of the spherical components of the real part of a real degree 1 Del Pezzo surface Y with Y R = V 1 ⊔4S can be realized by a deformation and automorphism of the surface.
6.2. Permutations of components. Let us show that the connected components of the real part of all other R-minimal real rational surfaces can be permuted by a deformation.
6.2.1. Proposition. Let Y be either an R-minimal real rational conic bundle with Y R = 2S or 3S or a real degree 2 Del Pezzo surface with Y R = 4S. Then any permutation of the components of Y R can be realized by a deformation.
Proof. A surface as in the statement with m = 2, 3, or 4 connected components can be constructed from a plane M -quartic B with (4 − m) isolated double points: one blows up the double points of B, blows down the line through them (in the case m = 2), and constructs the double covering of the resulting surface branched over the transform of B. The statement follows now from the well known fact that the ovals of an M -quartic can be permuted by a rigid isotopy (which, in turn, can easily be proved by constructing symmetric quartics and using the connectedness of the group PGL (3, R) ).
6.3. Proof of Theorem 2.2. Let X 1 , X 2 be two real rational surfaces with diffeomorphic real structures. In view of 5.2, X 1 and X 2 are deformation equivalent to some surfaces X ′ 1 , X ′ 2 that blow down to the same R-minimal model Y . Let R i ⊂ Y R and I i ⊂ Y Y R be the corresponding sets of blow-up centers, i = 1, 2. (Up to deformation one can assume that all blow-ups are independent.) Clearly, the numbers #R 1 = #R 2 and #I 1 = #I 2 are determined by the topology of the involutions, and since Y Y R is connected, one can assume that I 1 = I 2 .
Let F 1 , . . . , F k be the components of Y R . From 6.1.1-6.1.4 and 6.2.1 it follows that the components of one of the two copies of Y can be reordered by a deformation and automorphism of the surface so that for each j = 1, . . . , k one has #(R 1 ∩F j ) = #(R 2 ∩ F j ). Then one can also isotope R 1 to R 2 , which results in a deformation of X ′ 1 to X ′ 2 . 6.4. Invariants. In fact, we have proved that the deformation type of a real rational surface is determined by certain homological information. More precisely, extracting the invariants used in the proofs (see 5.2 and 6.1), one arrives at the following statement.
6.4.1. Theorem. Two real rational surfaces X ′ , X ′′ are deformation equivalent if and only if there is a homeomorphism X ′ R → X ′′ R preserving the additional structures described below and one has E + (X ′ ) = E + (X ′′ ) (see 5.1.2; this condition holds automatically unless b 0 (X ′ R ) = b 0 (X ′′ R ) = 4 or 5). The additional structures to be preserved are:
(1) a distinguished 'essentially nonorientable' component of X R , defined in the case E + (X) = E 8 : this is the only component whose class in H 2 (X; Z 2 ) does not belong to the image of L + (X); (2) a cyclic order on the set of the other components, defined whenever b 0 (X) 4 as follows: two components F 1 , F 2 are neighbors if and only if there is a canonical basis elementē ∈ H 2 (X/conj; Z 2 ) = H 2 (X/conj) ⊗ Z 2 (see the proof of 6.1.1) such thatē[F 1 ] =ē[F 2 ] = 1.
